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SUMMARY

Various approaches have been proposed toward the
problem of restoring three-dimensional (3-D) structures
and motion of rigid bodies from image information.
Ullman and Huang presented algorithms using point and
line correspondences, in which they assume that the
correspondence problems can be solved. Prazdny et al.,
on the other hand, presented an algorithm using optical
flow, in which equations become nonlinear and thus the
second derivative of velocity is required.

This paper proposes an algorithm which combines
optical flow and edge information. First, considering
segments consisting of edges in an image, we derive an
equation for optical flow. Then, making use of paraliel-
ism of line segments, we show that 3-D motion can be
restored by using linear equations. To apply the algo-
rithm there must exist two pairs of parallel line segments
on an object. This paper presents an algorithm for ex-
tracting these pairs of parallel line segments. Finally, we
verify the effectiveness of the algorithm by simulation.

1. Introduction

The problem of restoring three-dimensional (3-D)
motion and structure of an object using monocular image
information under passive illumination is one of the
important and interesting subjects in computer vision;
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however, it generally becomes an ill-posed problem since
it restores from a 2-D image depth information that is
degenerated by projection. Thus, in order-to compensate
missing information, we need to make and add certain
assumptions or coustraints to image data. -

Two approaches toward motion restoration problem
are classified [1-3]. One is an approach in which we find
corresponding points in several consecutive images and
after using them object motion is restored. The other
makes use of velocity vector of motion (optical flow) at
some instant which is projected onto an image.

The former ones are difficult depending on levels
by which we extract features of images to take corre-
spondence between images. Lines are more reliable in
correspondence than points and faces. Ullman [4] ob-
tained a fundamental algorithm for point correspondence,
assuming a rigid object. That is, he showed that when
only positional information is used, four points and three
scenes suffice in orthographic projection, and five points
and three scenes suffice in perspective projection to
reconstruct 3-D structure and motion. Later, Tsai and
Huang [5], using singular value decomposition of a
matrix composed of intermediate parameters obtained
from motion information, showed that motion can be
restored from eight points and two scenes in perspective
projection by deriving linear equations consisting of eight
unknown variables.
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Yen and Huang [6] are the first to notice restora-
tion by line correspondence and proposed an algorithm
based on straight line correspondence onto a unit sphere.
Further, Liu and Huang [7] showed images of at least
three scenes for motion restoration due to straight line
correspondence and proposed a nonlinear algorithm using
six lines and three scenes. Mitichi et al. {8] presented an
algorithm based on invariance of angle formed by two
lines on a rigid body, and Faugeras et al. [9] gave a
method using Kalman filter. Since all of them find a
solution by iteration, estimation of initial value is bottle-
necked and it requires much computation time. There-
fore, Liu and Huang [10] proposed a linear algorithm,
which requires 13 straight lines and three scenes. Line
correspondence requires more image data than point
correspondence because, even if a direction of a line is
determined in the 3-D space, the line possesses freedom
to move along itself.

On the other hand, methods based on optical flow
make use of space and time derivatives local on image
planes. Higgins and Prazdny [11] derived a set of 12
nonlinear equations containing 11 unknown variables
under the assumption that optical flow and faces compos-
ing a rigid body are smooth and showed that, if it is
possible to solve them, motion of the rigid object can be
restored. Note that this algorithm is difficult to obtain
analytical solutions; moreover, it requires a second-order
space derivative of optical flow and no solution is ob-
tained if there is no translational velocity component
parallel to the image plane. Therefore, attempts to sim-
plify equations are done by assuming that faces within a
field of vision can be approximated by a plane [13].

Thus far, motion restoration using straight line
correspondence has been dealt with, but no study has
been able to solve optical flow noticing line segments.
Methods based on optical flow remain nonlinear prob-
lems.

Here, we propose an algorithm for restoring 3-D

motion of an object from optical flow and edge (line

segment) information under perspective projection. As-
suming the existence of parallel line segments in the 3-D
scene, we show that a nonlinear equation can be reduced
to a linear equation by making use of the property. Al-
though assuming that a pair of parallel line segments
implies constraint of the problem, we think the attempt
is useful since there is a good chance that such a scene
exists. Further, almost no attempts have been made to
solve optical flow by linear equations.
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Fig. 1. Image plane.

2. Optical Flow and Line Segments

Optical flow represents velocity field in an image
and we use perspective projection in this paper. Motion
is represented by relative motion of an observer against
an object. This makes it possible to express any motion
using the same coordinate system.

Flow (velocity field) of a line segment can be
represented by flow of both endpoints of the line seg-
ment. In this paper we call flow at an endpoint together
with that at another endpoint relative to'it "line segment
flow.”

Figure 1 shows line segment flow in an image
plane. Let (x, y) be the coordinate of one endpoint and
(7. 5) be relative coordinate of the other endpoint. Then,
we define line segment flow by their space derivatives
and let them be u, v, i1, and A. We have~

u=i, v=y, p=#, d=5§ n

2.1. Flow at endpoint

Figure 2 illustrates very small motion in the space
in the Cartesian coordinate system OXYZ such that the
origin O becomes the momentary viewpoint. Let transla-
tional components of observer's motion be U, V, Wand
rotational components be 4, B, C. Letting the coordinate
of an endpoint P in the space be P(X, Y, Z}, the velocity
components of P in very small motion are given by

(= —[J=BZ+CY
Vo= - V= CX+AZ
F=—~W—AY+BX )
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Fig. 2. Relationship between the space coordinate system and
the image plane.

Representing 2 .point into which P(X, Y, Z) is
projected on an image plane as p(x, ¥), the relation be-
tween the two becomes

=X
y Y= Z (3)

Then, from Eq. (1) the velocity component u, v at
the endpoint p(x, ¥) is

~(-G-Brcy)-o( -Z-av+B2) @

=(-F-cz+A)-o(~-Y-av+Bz) 4

Here, we introduce the vanishing point (the point of
motion at infinity)

%
Y= ®)
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Letting @ = W/Z and substituting it into Egs. (4) and (5),
we have [11]

u=xyA—{x*+1)B+yC+{z~z)w 0]
v=(y*+1)A~2yB—xC+{y—y)ow (8)

The foregoing expression becomes a nonlinear
equation with unknown parameters A, B, C, w, X, and
Yo When we assume that x, y, ¥ and v are obtained from
image data.

2.2, Flow at relative endpoint

Next, we determine a Cartesian coordinate system
OX¥Z with an endpoint P(X, ¥, Z) of an endpoint of a
line segment at the origin O. Then, letting M(m,, m,, my)
be the other endpoint expressed by the coordinate sys-
tem, M represents a directional vector of the line seg-
ment. The time derivative of M becomes

= — Bmi+ Cm,
wia=— Cm+ Am;
pr3= — Am+ Bny, 4]
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Fig. 3. The coordinate system relative to the
point P.

The relative positions r, s can be represented as
follows using m,, m,, and m,.

r= ny— Mix §= M2zl
Z+m Z+ms (10)

~ Then, from Egs. (2), (9), and (10), ¢ and A in Eq.
(1) are

_y—rinz—msi _ (my—max)(Z + 1ig)
L= Z+ms (Z+m3)z

_ (= Bms+ Cma)—(— Ama+ Bm)x—msu

Z 4y
_(m—mux(— W—AY+BX—Am+ Bm)
{(Z+ mi)?
(i1
1= Hig—ritay — My (12— msy X Z + 1iy)
Z+ms (Z+ m,)*
_(—~Com+ Amz)—(— Ama+ Bm)y — myv
- Z+m
(nz—my){(— W—~AY +BX—Am;+Bm)
{(Z+m)?
(12)

Here, setting ¢ = m,/(Z + m,), from Eq. (10) the
directional vector M{(m,, m,, m,) can be written as fol-
lows using r, 5, and I

ny r+tr
ma | ={Z +ni)| s+ ty
M t

13)

Substituting it into Eqs. (11) and (12), p and X become

=0y +sr+iry+r)A
-Q2rr+t+t2+ 0B
+s+y)ICH(A~Nrow—ut 14

A=(2sy+ 1+t +sDA
—(ry+sz+ixy+sr)B
~(r+ix)C+{1~f)sw— vt (15)

These are nonlinear equations with 4, B, C, ®, and
t as unknown parameters when x,y, r, s, u, v, i, and A
are obtained from image data.

3. Algorithm for Estimating Motion
Parameters

In Eqgs. (7), (8), (14), and (15), o and ¢ are differ-
ent depending on line segments since they are informa-
tion on depth. That is, two among four equations for a
line segment become effective. Thus, three line segments
are needed to find five motion parameters 4, B, C, x,,
and y,.

However, Egs. (7), (8), (14), and (15) are not easy
to be solved in their forms since they are nonlinear equa-
tions. So we pay attention to the fact that unknown pa-
rameters contained in coefficients A, B, C, @ in Egs.
(14) and (15) is only #. If ¢ can be found in any way,
Egs. (14) and (15) are reduced to linear equations. Here,
assuming that there are several parallel line segments on
a rigid object, we find 7 using its geometric properties.

3.1. Linear algorithm

When two line segments I, and [, are parallel, since
directions of their directional vectors are the same, from
Eq. (11) the following relation holds:

n+ Lo ri+ b
Sithy j=a| i+ by
h f; (16}



Eliminating « from this expression and solving it
with respect to 7, and £,, we have

— TSy NSz
h=
St St rayz— N

= i~ 1S
sin-sixzb iy nn

& an

In this way we can compute ¢ in the case in which
two line segments are parallel in the space; and thus we
can make Eqs. {14) and (15) linear. Since w is different
for each line segment, eliminating © from Egs. (14) and
(15), we have

su—ri
=(s*z+tsxy— tryt—rsy— ir)A
+(7?y+ tray — tsx*~rsz— £5)B
+(s*+ r*+ trx+ tsy) C—Esu-ttre (18)
Equation (18) is a linear form with 4, B, and C as un-
known parameters and it is to be solved using three line
segments,

However, if three line segments are all parallel,
this equation is linearly dependent and thus it has no
solution (proof omitted). Therefore, if we obtain a solu-
tion using this method, we need two pairs of parallel
lines.

3.2. Detection of parallel line segments

To use Eq. (18) we need to be able to detect paral-
lel line segments in the 3-D space from image data.
When only positional information in one image plane is
used, it is impossible to detect paralle] line segments in
the space. However, detection becomes possible by using
velocity information.

This paper first assumes parallelism of two pairs of
two line segments to find ¢ and then using Eqgs. (7), (8),
(14), (15), and (18) we find 4, B, C, x,, and y,. Next,
we shall show that parallel line segments can be detected
using redundancy of these expressions. .

First, we take two pairs of two line segments and
find 7 for each line segment. Once A, B, and C are found
by Eq. (18) and « by Egs. (14) and (15), Egs. (7) and
{(8) become expressions in which only x, and y, are un-
known and thus four different values are obtained from
four line segments. If two pairs of line segments selected
are not parallel, these values should not coincide with
each other. We use this for checking parallelism.
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Fig. 4. The flow of the processing.

In other words, by implementing such a check for
every combinatin of two pairs of line segments in an
image plane we can detect pairs of parallel line
segments.

4. Simulation

We implemented computer simulation to verify the
effectiveness of the proposed motion parameter estima-
tion algorithm. The data used were space coordinates of
endpoints of line segments and we made translation and
rotation about the origin and obtained line segment flow
by perspective projection.

A flow of the algorithm is shown in Fig. 4. First,
we derive two pairs of line segments from an image
plane. Next, we estimate motion parameters using these
line segments. Then, implementing parallelism check, if
both pairs are parallel, we determine motion parameters.

4.1. Parallelism check

We first verify the validity of the method for paral-
lelism check presented in Sect. 3.2, Three cases for
geometric relationship between two line segments in the
space are used:

(B they are parallel;

(2)  they are not parallel but lie on the same
plane; and

(3)  they are twisted positions.



Table 1. Parallelism check
U=0.6, V=0.8, W=0.2
True Calculation results
value a b c d e f
Afrad) |0.01| 0.01033 0.01049 | —0.7205 0.008731 0.004048 —0.000226
B(rad) |0.01] 0.01008 0.009285| —0.7207 0.008480 0.01256 —0.01715
C(rad) |0.01] 0.01013 0.009926 | —0.5380 0.008925 0.05625  0.02514
Io(mean) [3.0 | 2.97%6  3.007 3.789  2.395  3.072 5.087
yo(mean) 4.0 | 3.98  4.025 ~5.953 3.078 0.4053 2.671
el % 0.0447 0.0685 | 1.885 0.4423  0.5401  0.7680
e e 0.04725 0.1042 | 1.490  0.4773 13.62 0.7827

Using this method we can correctly estimate only
in the case in which two pairs of line segments are both
parallel. Either one of the two pairs of line segments
must not be in the relationship of cases (2) or (3).

Table 1 shows the results when we classify two
pairs of line segments, depending on which of (1), (2) or
(3) in the relationship they are related to, and estimate
parameters using Eq. (18). Classification of line seg-
ments is shown:

a: two pairs of parallel line segments;

b: two pairs of parallel lines lie in the same plane;
and

¢: pair of parallel line segments and pair of line
segments which are not paralle] but lie on the
same plane;

d: pair of parallel line segments and pair of line
segments in twisted positions;

e: two pairs of line segments which are not paral-
lel but lie on the same plane; and

S+ two pairs of line segments in twisted positions.
We also obtained four different values of x, and y,

by Egs. (7) and (8) and compared their variation coeffi-
cients (standard deviation/average). We gave the data at
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locations of the four line segments in the space and
unified the Z-coordinate of the one endpoint of each line
segment to be 10 and let the lengths be 10 ~ 40. Table
2 shows data of two pairs of parallel line segments as an
example of given line segments. '

Tables 1a and b show the results when we found ¢
using parallelism of line segments and got correct esti-
mated values. Tables l¢ ~ f assume parallelism for
nonparallel line segments and thus correct estimated
values are not obtained. For checking parallelism, varia-
tion coefficients for x, and y, are used. When two pairs
of parallel line segments are used, variation coefficients
for x, and y, are both about 0.1, even in the case in
which four line segments lie in the same plane as in b.
On the other hand, when they are not parallel, they are
greater than or equal to 0.4, even in the case in which
one pair is parallel and the other is in twisted positions
as in d. Effectiveness of the check for parallelism of
pairs of line segments using Eqs. (7) and (8) follows
from this result.

4.2, Computational precision

If two pairs of parallel line segments are detected
successfully, we can estimate motion parameters using
Eq. (18). Note that no effective method has been found
other than one of finding optical flow (velocity field) by
difference between two images. Therefore, as motion
among images becomes larger, it becomes harder to



Table 2. Two pairs of parallel line segments

X Y Zz X Y . Z
Line segment 1} 20 14 10 — 32 26 19
Line segment2| 8 -2 10 — 40 30 34
Line segment 3} 18 27 10 — 30 24 15
Line segment 4| -3 -3 10 — 21 -9 20

regard the difference as approximated derivative and thus
it seems that estimation precision goes down. Then we
investigated relation between magnitude of motion pa-
rameters and estimation precision using data of two pairs
of parallel line segments shown in Table 2.

Figure 5 shows the relationship between the motion
parameter and estimation error: (a) is angular velocity
around the Z axis; (b) is velocity U along the X axis; and
(c) expresses the relationship between velocity W in the
direction of the Z axis and estimation error. Generally,
it is impossible to estimate absolute translational velocity
only from data on image planes. Therefore, we unify Z
coordinate values of the endpoints of four line segments
and standardize by the value; u,, v,, and ® are standard-
ized values of UI, V, and W and we have

w

v v _W
W="7y W=7 0=77 (19)

‘In Figs. 5(a) and (b) error increases as motion
becomes larger, but in Fig. 5(c) it decreases once and
then increases. If we want to suppress the error to within
1 percent, the rotational component A should be less than
or equal to about 0.004 rad and u, should be within 0.12.
However, © has large error and it is hard to suppress it
within 1 percent. If we want to suppress it within 7
percent, it must be no greater than about 0.07.

When we deal with real images, since we cannot
find absolute coordinate values of an object, it is impos-
sible in practice to standardize by a point on an object.
Therefore, for translational component we evaluate an
error considering the vanishing point (x,, y,) that is the
ratio with depth component. Figure 6 shows how transla-
tional velocity o affects the estimation error of the van-
ishing point x,. The error increases when w is too small
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and also when it is too large. The precision is worse
even when w is small because the depth component
enters the denominator of the vanishing point (x,, y,). To
suppress the error of x, within 5 percent, w(=W/Z) must
be greater than 0.015 and less than 0.08. Thus, we
should appropriately settle sampling interval between
images so that the @ value of each line segment does not
become too small. Note that since rotational component
is not affected by W, precision becomes better as motion
between images becomes smaller.

4.3. Application to rectangular parallelepiped

As an example of a rigid body containing parallel
line segments, we implemented estimation of motion
parameter using a rectangular parallelepiped having
texture. Here by texture we mean pixels on an object
surface detected as line segments (edges). Figure 7
shows the conceptual model of this simulation. The
image plane is parallel to the X-Y planes and is the plane
such that the image center is (0, 0, 1). The size of the
image is assumed to be a square of I X 1. Then, the
visual angle is about 60°. When making 3-D data, we
made a rectangular parallelepiped such that the origin is
one vertex and three edges coincide with X, Y, and Z
axes and edge lengths are (20, 30, 50). Next, we rotated
itin its role, pitch, and yaw each by (10, 10, 40) degrees
and translated it by (-10, 10, 60) in the directions of X,
Y, and Z axes.

Figure 8 shows a result of projection of an object
onto an image plane. Bold lines represent two pairs of
parallel lines detected by parallelism check using scatter-
ing of estimated values. The variation coefficients of x,
and y, estimated by these line segments are both less than
or equal to 0.1.
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Fig. 5. The relationship between the motion
parameter and its error.

Figure 9 shows examples of estimation when vari-
ous motion parameters are given in sequence. The true
values and estimated values of angular velocity 4 are
shown in (a) and those of the vanishing point x, are in
(b). The horizontal axis is the frame sequence and the
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Error of z,
)
o

-0.01

0 0.05 0.1

Translational Velocity w

Fig. 6. The relationship between the translational
velocity and the error of the vanishing point x,.

Image plane

Focal Point

Fig. 7. Simulation model.

Fig. 8. An example of selected parallel lines.
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vertical axes are angular velocity and translational veloci-
ty between frames.

5. Conclusions

We have presented an algorithm for finding motion
parameters of a rigid body in the 3-D space using the
properties of line segments flow and parallel line seg-
ments. In the future we will attempt to improve estima-
tion precision of continuous motion by adding an
assumption that motion parameters change smoothly and
to improve our algorithm to accommodate the case in
which motion between frames is large.

To apply the algorithm presented in this paper to
real images, we need to find line segment flow, which
can be obtained by combining a method concéming
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extraction of optical flow with one of edge extraction.
That is, as shown in Fig. 1, velocity field on a line
segment changes monotonically and has a different direc-
tional vector for each line segment. Therefore, we think
that line segment flow can be obtained by grouping after
making optical flow (velocity field) obtained in an image
correspond to line segments (edges).

Although we described estimation of motion param-
eters in this paper, the problem of reconstructing a 3-D
structure follows. Using the algorithm, a directional
vector of each line segment can be obtained, and it is
easy to check whether they exist in the same plane in a
geometrical sense. Thus, it seems to be effective for
reconstruction of surface structures.
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